Most models for computer aided tolerancing proposed by researchers and used in industry do not fully conform with standards. Moreover, most of them make severe assumptions on observable geometric deviations and can therefore hardly handle all kinds of 3D tolerances. These lacks inspired the idea and the development of a discrete geometry framework that is capable of considering geometric deviations of different stages of the product life cycle and is versatile regarding current and future tolerancing standards. This work uses a point cloud-based geometry representation scheme to implement the pattern left on the surfaces by a manufacturing process; then this scheme has been inserted in a four approaches for tolerance analysis: jacobian, torsor, variational and vector-loop. Moreover, gravity and friction among the parts to assemble have been simulated too. In this way a new Computer Aided Tolerancing (CAT) simulation tool has been developed; it approaches reality more than existing software packages do. To verify the effectiveness of the new CAT simulation tool, it has been applied to a case study. The obtained results have been compared with those due to a geometrical model that has been developed by simulating what happens among the parts in the actual assembly. The obtained results show how the new CAT simulation tool gives results nearer to reality than literature models do.
Introduction
The geometric variation management is a need in design, manufacturing, and all other phases of the product life cycle (Schleich et al. 2014) . It is due to the fact that, even though modern manufacturing processes achieve an increasingly high accuracy, geometric deviations are observable on every manufactured part. Geometric deviations have huge influence on both the function behaviour and on the customers' quality perception of the product. To control and to manage these geometric deviations along the product life-cycle, the first step is to consider during the design stage the tolerance specification, the tolerance allocation and the tolerance analysis (Armillotta and Semeraro 2011) .
In the context of Computer-Aided Tolerancing (CAT), various models for the representation of dimensions and geometric tolerances and for the solution of the tolerance chains have been developed, such as vector loop (Gao et al. 1998) , variational (Gupta and Turner 1993) , matrix (Desrochers and Riviere 1997) , Jacobian (Clément et al. 1998) , torsor (Rivest et al. 1994) , unified Jacobian-torsor (Desrochers et al. 2003 ) and the T-Map ® (Davidson et al. 2002) . Many commercial CAT software packages support the product development in these activities for geometric product specification and tolerancing, such as 3-DCS of Dimensional Control Systems ® , VisVSA of Siemens ® , CETOL ® , and so on (Prisco and Giorleo 2002) . However, there is a growing interest in considering working conditions and operating windows in CAT (Anselmetti et al. 2010) . These computer models for tolerance simulation and analysis make severe simplifications about observable geometric deviations, since they are reduced to rotational and translational feature defects (Polini 2012 , Ameta et al. 2011 . This leads to results with large ranges of uncertainty and a discrepancy between the virtual models and the observed reality. Furthermore, the tolerancing tasks in design as well as all other activities of geometric variations management, should be incorporated in a complete and coherent tolerancing process Ballu 2007, Dantan et al. 2003) . As a response to these needs, Skin Model concept was proposed (Schleich et al. 2014) . It is a model of the physical workpiece surface in contrast to the nominal model, which is a "simple" model of the intended workpiece not taking into account inevitable geometric deviations (Schleich et al. 2014) .
The aim of this paper is to connect the Skin Model to the manufacturing processes, in order to bring closer the CAT simulation tools to reality. The discrete geometry framework of the Skin Model has been represented by the pattern left on a surface by a turning process that is a widely used manufacturing process. The turning process involves a correlation among the points on the manufactured surface that is called signature; it has been inserted in the framework of the Skin Model.
In the present work, a new general method to integrate the manufacturing signature into the tolerance analysis of rigid assemblies is proposed. To exemplify the new general method it has been applied to four models of the literature for tolerance analysis, the jacobian, the torsor, the variatonal and the vector loop ones, in order to solve the assembly problems of a rigid assembly made up of three parts: a rigid box and two profiles that fit within it. The case study has been chosen simple to be solved manually, but representative since it allows to consider both dimensional and geometrical tolerances applied to the same profile. The obtained results have been compared with those due to the use of a virtual model that geometrically reproduces what happens in an actual assembly. The same results have been compared with those due to the literature. Matlab ® and Minitab ® software packages have been used to carry out the tolerance analysis and the statistical analysis of the obtained results respectively.
The paper is organized as follows. In Section 2, an overview of the tolerance analysis models considered in this paper is presented. In Section 3, the new general method that consider the manufacturing signature and the assembly operating conditions is deeply described. In Section 4, the numerical validation is presented and in Section 5, the obtained results are compared and discussed.
Nomenclature g
Functional requirement.
Δg
Variation of functional requirement. r parameter due to the dimensional tolerance applied on each profile. d parameter due to the form tolerance applied on each profile. Nominal radius value of the circular profile (i=1 and 2).
δx i
Dimensional tolerance parameter (if i=1 and 2, the parameter is applied on profile 1 and 2, else if i=3 and 4, the parameter is applied on the box sides).
δϕ j
Form tolerance parameter applied to the point j of each circular profile (j=A, B, C, D and E).
Angles of tilt between the reaction forces, due to the equilibrium of system of forces, and the normal vectors on the wall of the box (i=1 to 4). α 1 Random angles chosen for the rotation of the profile 1 to be assembled in the box. α 2 Random angles chosen for the rotation of the profile 2 to be assembled in the box. φ st Friction limit angle. 
Overview of considered tolerance analysis models
Various models for the computer-aided tolerance analysis were proposed during the last decades, such as Jacobian, torsors, variational and vector loop. In contrast to these approaches, the tolerance analysis employing discrete form deviations is a novel method. In the following, these four models are briefly highlighted before showing how they were modified to integrate a skin model shape representation of the form deviations due to the manufacturing process and the assembly operating conditions.
Jacobian model
Jacobian based method uses pairs of Functional Elements (FEs) to represent both the dimensions and the variations in an assembly (Marziale and Polini 2011) . The Functional Elements pairs are arranged in chains representing those dimensions that stack together to determine the resultant assembly Functional Requirement (FR). This model uses the idea that tolerances are essentially small linear and angular dispersions of a functional element with respect to its nominal position, orientation and form. These dispersions are expressed by pairs of Functional Elements used to model a chain around the Functional Requirement of the assembly. Two types of FE pairs in a tolerance chain can be distinguished: internal pairs, which are pairs on the same part, and kinematic pairs, which are pairs on different parts in contact; however, these two types of elements are schematized in the same way.
Based on the results sought in the kinematic of robot, a generic dispersion in a pair of FE can be expressed by a set of six virtual joints and coordinate frames. In this way the spatial relationship relating the position and the orientation of the terminal FE, expressed in the Datum Reference Frame (DRF) of the base FE, is given by a matrix 0 6
T . It follows that the relative position and orientation of any FE in the stack of n elements, with respect to the DRF of the base FE, as a result of both nominal dimensions and degrees of freedom of the FEs involved in the tolerance stack, is given by: where n represents the total number of FE pairs (both internal and kinematic) involved in the tolerance stack. The global deviation of the FR, expressed in DRF of the first feature R 0 , can be expressed as: ...
is the 6x6 Jacobian matrix associated with the FE of the i th FE pair (internal or kinematic) to which the tolerances are applied, with i=1 to n; i FE δ  is the six-vector of small dispersions associated with the FE of the i th FE pair (internal or kinematic) to which the tolerances are applied, expressed in the local DRF, with i=1 to n (Rivest et al. 1994 , Desrochers et al. 2003 .
For small rotational virtual joints, the i th column of the Jacobian matrix i J is computed as:
Torsor model
Torsor model uses screw parameters to model tolerance zones (Marziale and Polini 2011) . Each actual surface of a part is modelled by a substitute surface that has the shape of the nominal surface. A substitute surface is characterized by a set of screw parameters that are the deviations of the substitute surface from the nominal one. For each of the seven types of tolerance zones, there are the correspondent screw parameters obtained by annulling the ones that leave the surface unvaried in its local frame. The obtained screw parameters are arranged in a mathematical operator called "torsor".
Considering a generic feature, if u A , v A , w A are the translation parameters of the point A, and α, β, γ, are the rotation angles as regards to the nominal position, the torsor of point A is given by:
where R is the reference frame in which the screw parameters are evaluated. Once the torsor of the point A is known, the torsor of point B may be evaluated at the same way, so it can get to this formulation: where AB x , AB y and AB z are the vectors of the distance between points A and B along the x, y and z axes respectively.
To model the interaction between the parts of an assembly, three kinds of torsors (or Small Displacement Torsor SDT) may be defined: a part SDT for each part of the mechanism to model the displacement allowed to the part; a deviation SDT for each surface of each part to model the geometrical variations of the surface; a gap SDT between two surfaces linking two parts to model the joint properties. Therefore, a union of the set of SDTs that are involved at joints is used in order to obtain the global behaviour of the mechanism. This may be done by considering that the cumulative effect of a simple chain of n-elements is simply expressed by adding the single components of the torsors:
Variational model
The basic idea of the variational model is to represent the variability of an assembly, due to the tolerances and the assembly conditions, through a set of parameters of a mathematical model (Marziale and Polini 2010a) .
To create an assembly, the designer has to define the nominal shape and the dimensions of each assembly component (these information are usually contained in CAD files). Then, the designer identifies the features of each component which affect the functional requirements (functional features) and the designer assigns the dimensional and geometrical tolerances to them. Each feature has its local Datum Reference Frame (DRF), while each component and the whole assembly have their own global DRF. In nominal condition, the homogeneous transformation matrix that allows to pass from a DRF to another is known. When real features are machined, they depart from nominal. Assuming that real features maintain their nominal form (i.e. form deviations are neglected), the location of a real feature deviates from nominal, this deviation is expressed by parameters that constitute a differential homogeneous transformation matrix. Once modelled the variability of the components, they have to be assembled together. The relative location of the parts is expressed by means of parameters (that are called small kinematic adjustments) which constitute the differential homogeneous transformation matrix. The total transformation to pass from the global DRF of part i to the global DRF of part l is simply obtained in order to refer all the parts to the same reference system.
Vector-loop model
Vector loop based model uses vectors to represent the dimensions in an assembly (Marziale and Polini 2009 ). Each vector represents either a component dimension or assembly dimension. The vectors are arranged in chains or loops representing those dimensions that stack together to determine the resultant assembly dimensions.
Three types of variations are modelled in the vector loop model: dimensional variations, kinematic variations and geometric variations. In a vector loop model, dimensions are represented by vectors, in which the magnitude of the dimension is the length of the vector. Dimensional tolerances are incorporated as +/-variation in the length of the vector. Kinematic variations are small adjustments among mating parts, which occur at assembly time in response to the dimensional variations and geometric feature variations of the component analysis. There are 6 common joints in 2-D assemblies and 12 common joints in 3-D assemblies; at each kinematic joint a local datum reference frame (DRF) has to be defined for. These joints are used to describe the relative motions among mating parts. The degrees of freedom (DOF) that are constrained or not by the mating part are controlled and the tolerances are specified only for the constrained DOF. Geometric tolerances are considered by adding micro-DOF to the joints just described, i.e. a virtual transformation (a zero length vector or a rotation matrix along the directions admitted by the applied tolerance) is added to the joints.
Although geometric tolerances may affect an entire surface, they introduce a variation at the contact among mating parts. Appropriate geometric variations may be added to displacements at the joint. If the variation caused by the geometric tolerance-kinematic joint combination is a rotation, the geometric variable can be represented by a rotational matrix or a combination of rotational matrices in the assembly kinematic constraints. If the variation caused by the geometric tolerance-kinematic joint combination is a translation, a translation matrix may be inserted at the appropriate node in the assembly kinematic constraints.
The methodology of the vector-loop model may be summarized in three main steps. First of all, one should create the assembly vector loops. The whole assembly is modelled with a graph' representation, in which each edge corresponds to a joining feature, while each vertex is a part being assembled. Then, equations are written for each independent loop. Assembly constraints for each vector loop may be expressed as a concatenation of homogeneous rigid body transformation matrices. These equations are linearized using Taylor's series expansion (Direct Linearization Method -DLM). Finally, loop equations are solved. Taylor's first order series expansion of assembly constraint equations for a closed loop can be written as:
and for an open loop it is:
where {ΔH Among Eqs. (8)- (9), {δu} is obtained by solving these two equations. For the closed loop, {δu} is given in Eq. (10) if [B] is a full-ranked matrix.
From Eqs. (9)- (10), it can obtain the {δu} in the open loop as:
Skin model shape
The tolerance analysis based on Skin Model Shapes allows to consider form deviations and it is conform to international standards for the Geometric Product Specification (GPS). Skin Model Shapes are specific outcomes of the Skin Model as a basic concept of modern standards for the geometric product specification and verification employing discrete geometry representation schemes, such as point clouds and surface meshes (Anwer et al. 2013 ). The tolerance analysis based on Skin Model Shapes comprises the generation of deviated workpiece representatives according to specified tolerances, their processing using computational geometry algorithms for the relative positioning and assembly simulation, as well as the measurement of functional key characteristics from the simulated assemblies (Schleich et al. 2014 ).
A new method to consider manufacturing signature and operating conditions in tolerance analysis
The original concept of this work is to introduce the manufacturing signature and the operating conditions within the most important models for the tolerances analysis of rigid bodies: the jacobian, the torsor, the variatonal and the vector loop ones by using an approach based on a Skin Model framework. This is possible thanks to the development of a new method that is schematically depicted in Fig. 1 . It generates a cloud of points for each surface to assemble of a part by means of the manufacturing signature. The point clouds of two surfaces to couple are analyse to identify the points where the two surfaces come into contact. In each point of contact it is evaluated the stability of the parts in contact by taking into account the friction forces. If the parts are stable when they are in contact, the dimensional and the form parameters of the contact points are extracted to be inserted in the equations of the considered rigid models. In order to exemplify the proposed new method it was applied to four models of the literature in order to solve the tolerance analysis problems of a rigid assembly consisting of three parts (see Fig.2 ). The case study is simple in order to be solved manually, but it is representative since it allows to consider both dimensional and geometrical tolerances. The obtained results are obviously of the case study, but the proposed method to introduce the manufacturing signature and operating conditions in any tolerance analysis models for rigid products is always valid even if the case study changes. 
Case study
The case study is composed by three parts: a hollow box and two circular profiles that fit within it, as shown in Fig.  2 . The aim of this 2-D tolerance analysis is the measurement of the variation of the gap g between the second profile and the top side of the box (Δg), as a function of the dimensions and tolerances applied to the components. In particular, r is the value due to the dimensional tolerance (equal to ±0.0145 mm) and d is the value due to the form tolerance (equal to 0.0145 mm). The tolerance analysis was carried out by considering the rectangular box fixed and the geometrical tolerances applied to the two circular profiles variable while remaining within the applied tolerance ranges (dimension and form). A circular profile is simulated for the all models of the literature, since the form deviations are not taken into account. However, a circular profile typically ranges due to the deviations of the manufacturing process. Each manufacturing process leaves on the surface a systematic pattern that characterizes all the surfaces machined by that process, i.e. a signature. In this work, the signature of the turning process was considered to represent the form deviation of a circular profile. In particular, the signature was represented by means of the autoregressive-moving average (ARMAX) model proposed in (Moroni and Pacella 2008) . It combines a harmonic model with a second-order autoregressive model of the noise in the following parametric model:
where t=1,2, . . . ,N is the index of data points in the sampled profile, B is the backshift operator, N is the number of equally spaced points measured on that profile. For each index t, Y t represents the radial distance between the actual point and the least square substitute circle, measured at angular position θ t =2πt /N. Thus, the signature model in Eq. (12) is a linear combination of two harmonic terms plus a second-order autoregressive model of the noise. Each term of the first part of Eq. (12) represents the k th harmonic (k=2, 3), characterized by k undulations per revolution. The parameters' vector (a and b) in Eq. (12) forms a stochastic vector, that has a multivariate normal distribution with the mean vector and the variance-covariance matrix, respectively, reported in Table 1 . The term ε t in Eq. (12) was modelled as a Gaussian white noise with standard deviation equal to 0.374 µm.
In this work, the circular profiles are constituted by a set of evenly distributed points. The amplitude of this set is equal to 7150, since this value ensures to reach a g-gap equal to the nominal value (1.2702 mm) when the circular profiles are considered nominal. Moreover, this value seems to be large enough to simulate the assembly without numerical simulation being too slow. To each point of the circular profile, the following model was applied:
where P j is the generic point of the circular profile, O is the centre of the circle, R is the nominal value of the radius of the circular profile, δx is the value due to the dimensional tolerance applied to the circular profiles, and δϕ is the value due to the manufacturing signature represented by means of the ARMAX model. The δx parameter has a Gaussian density function with mean value equal to zero and standard deviation equal to a sixth of the dimensional tolerance range. The four models of the literature for tolerance analysis were modified to integrate the manufacturing signature as described deeply in the following of the paper.
Jacobian model
For the case study, the functional requirement g has to be measured between the top side of the box and the second circular profile. The second circular profile being assembled with the sub-assembly box-circular profile 1, firstly the assembly between box and circular profile 1 has to be solved.
The pairs of FE are four and they are associated to the couples of points F-Ω, Ω-O 1 , O 1 -O 2 and O 2 -E, as shown in Fig. 3 . The required FR g is related to the couple of points F-E and it is evaluated as the chain of the four functional elements pairs just identified. It is possible for each FE to locate the virtual joints and to evaluate the transformation matrices . Then, the Jacobian matrix of the FR is evaluated by means of equations (3) and (4). Finally, the stack-up function was formalized by considering that the requirement ∆g has to be evaluated as the δ are the virtual joints displacements assigned to the FR pairs (Marziale and Polini 2011) . To solve equation (14), the value of the parameters need to be calculated as a function of the applied dimensional and form tolerances. In a previous work (Polini and Corrado 2016) three methods were proposed to integrate the geometrical tolerances to the Jacobian model; those methods have been applied to the case study. The three methods can be applied only when the applied geometrical tolerances combined with the kinematic joint among the parts (Gao et al. 1998 ) involve translational variations.
In this work the first method, called direct allocation (DA), is taken into account. It translates the geometrical tolerances in translational variations that are added to those due to the dimensional tolerances: To consider the manufacturing signature, the values of the form tolerance δφ j of the two circular profiles were substituted by the value of the form deviations computed by means of the manufacturing signature (i.e., by means of Eq. (12)). Therefore, the roundness of the two circles was simulated by the local values of Y t evaluated for the points on the circular profile. The obtained circular profiles were randomly rotated. Then, the first circular profile was put into contact with the box in the point A and B; therefore, the second circular profile was brought into contact with the box and the already placed first circular profile in the points D and C. 
Torsor model
The first step of the method is to identify the elements of the parts and the relations among them. The cumulative torsor F, for the case study shown in Fig.2 , is expressed as:
where T 1,1 is the torsor of feature S 1,1 in Fig.4 , T 3,1 is the torsor of feature S 3,1 in Fig.4 , and T 1,3 is the torsor of the link between the box and the profile 2 in order to respect the surfaces graph of the case study, as shown in Fig. 7 . Therefore, the functional requirement ∆g is expressed by the translation component along the global Z axis.
The next step is to evaluate the components of the single torsors; with reference to where δx 4 is the parameter due to the tolerance on the dimension X 4 . This is due to the fact that in a 2D problem on x-z plane the rotation parameters α and γ and the translation parameter v are not present, considering the angles of the box as fixed at 90° β 1,1 is zero. In the same way, the torsor where δx 2 is the parameter due to the tolerance on the dimension X 2 . The evaluation of the torsor T 1/3 is very difficult because the solution of the networks among the components of the assembly is necessary. Considering the angles of the box as fixed, it is possible to solve this problem expressing the torsor T 1/3 as the sum of two terms:
The first term T 1/2 is the torsor linking part 1 and part 2; with reference to where δx 1 is the parameter due to the tolerance on the dimension X 1 . The second term T 2/3 is the torsor linking part 1+2 and part 3; with reference to where δx 3 is the parameter due to the tolerance on the dimension X 3 . In a previous work (Marziale and Polini 2011) , these parameters depended only on dimensional tolerances, because the torsor model of the literature does not deal with the form tolerance and the network among the components of the assembly.
In a previous paper, three methods were presented to integrate the form tolerance in the tolerance analysis by means of the torsor model (Polini and Corrado2016) . Applying the three methods means modifying the equations (21)÷(25) with the integration of new parameters that take into account the translational variations due to both the applied tolerances form and the kind of kinematic joints. Surface graph of the case study Now, δϕ 41 , δϕ 42 , δϕ 31 , and δϕ 32 are the parameters due to the geometrical tolerances on features S 1,3 , S 1,1 , S 1,2 and S 1,4 of the box linked to dimensions X 4 and X 3 respectively; they are null for the considered case study, as well as δx 4 and δx 3 . Therefore, the functional requirement is:
where δϕ A , δϕ B , δϕ D , and δϕ E are the parameters due to the form tolerances on X 1 and X 2 in the points A, B, D and E. ϕ C1 , and ϕ C2 are the parameters due to the form tolerances on X 1 and X 2 in the point of contact C on the profiles 1 and 2 as shown in Fig.6 . The same mathematical methods were used by considering the manufacturing signature. This means that the values of the form tolerance of the two circular profiles were substituted by the value of the form deviations computed by means of the manufacturing signature. The obtained circular profiles were randomly rotated. Then, the first circular profile was put into contact with the box in the point A and B; therefore, the second circular profile was brought into contact with the box and the already placed first circular profile in the points D and C. Therefore, the roundness of the 
Variational model
The linear features of the box were called L 1 , L 2 , L 3 , and L 4 , while C 1 and C 2 are the two circular profiles. The DRFs (Datum Reference Frame) assigned to the features of the parts and to the whole assembly are shown in Fig.7 .
Fig. 7 Local and global DRFs and features
The assembly DRF is the global DRF of the box. It is possible to evaluate the nominal transformations matrices that allow passing among the different DRFs and, giving the model parameters, evaluating the differential transformation matrices to pass from the nominal local DRF to the local real DRF. In a previous work, all differential transformation matrices were presented in detail (Marziale and Polini 2010b) 
where r yi and t zi are the rotation and the translation parameters of the generic side L i of the box measured in theirs DRF respectively, R 1 and R 2 are the nominal values of the circular profiles' radius. The model parameters, due to the dimensional tolerance, of the first and second circular profile are δx 1 and δx 2 respectively, δϕ j is the model parameter due to the form tolerance applied to the points A, B, C, D and E of two circular profile. (O 12X , O 12Z ) and (O 13X , O 13Z ) are the centres nominal coordinates of two circular profiles. ΔX 12 and ΔZ 12 are the assembly parameters of the first profile on the rectangular box, ΔX 13 and ΔZ 13 are the assembly parameters of the second profile on the previous parts.
The assembly issue is solved by applying the assembly conditions to the obtained expressions of all the features in the global DFR. The functional requirement is evaluated between the feature L 3 of the box and the feature C 2 of profile 2, as shown in Fig.2 . Profile 1 is assembled to the box by means of two constraints of the cylinder slider type: the first between the feature C 1 and the feature L 1 , and the second between the feature C 1 and the feature L 4 . For this type of constraint, the related mathematical expression is (Polini and Moroni 2015) : which are the solutions of the assembly problem between profile 1 and the box. The profile 2 is assembled on the subassembly box-profile 1 by means of a constraint of cylinder slider type between the feature C 2 and the feature L 2 and by means of a constraint of cylinder-cylinder type between the features C 2 and C 1 . For this last constraint, the assembly equation is: 
By solving system of Eqs (43) 
That is the solution of the assembly problem between profile 2 and the subassembly box-profile 1. Now, by evaluating the smallest oriented distance between a profile with centre (c x , c z ) and radius R, and a line of equation 
The parameters r yi and t zi of the sides of the box are equal to zero, since the box was considered nominal. Therefore the Eq. (51) 
The same mathematical model was used by considering the manufacturing signature. This means that the values of the form tolerance of the two circular profiles were substituted by the value of the form deviations computed by means of the manufacturing signature (i.e., by means of Eq. (12)). Therefore, the roundness of the two circles was simulated by the local values of Y t evaluated for the points on the circular profile. The obtained values were used to define the values of the parameters δϕ j of the variational model, where j=A, B, C, D and E with A, B, C and D the contact points between the profiles and the box. The values of δx 1 and δx 2 remain equal to ±0.0145 mm, since the manufacturing signature affects only the values of the δϕ j parameters.
Vector-loop model
Therefore, the gap g of Fig.2 was evaluated by means of the three main steps and the analytical equation previously mentioned. The assembly graph has two joints of "cylinder-slider" kind between box and profile 1 at points A and B, respectively, one joint of "parallel-cylinder" kind between profile 1 and profile 2 at point C, one joint of "cylinder-slider" kind between profile 2 and box at point D, and the measure to perform g. The vector loops were created and placed on the assembly, as shown in Fig.8 . The first (closed) loop joins the box and the profile 1 by the links passing from points A and B. The second (closed) loop joins the subassembly box-profile 1 and the profile 2 by the links passing through points D and C. The third (open) loop defines the gap g. Once the vector loops were defined, the relative equations were generated and solved. So, the variation of gap g (Δg) can be estimated with a worst-case way and a statistical way (with the Root Sum Square), as shown in Eqs. (53)- (54):
where the sensitivity matrices of dimensional variables (53)- (54); m and q are the number of dimensional and geometric variables respectively.
Also the variation of gap g (Δg) can be estimated with a Monte Carlo simulation. In this case, it is just necessary to solve the assembly problem, to write the final stack-up function and to vary the model parameters randomly. Therefore, the problem can be drastically simplified in Eq. (55) 
where δx 1 and δx 2 are the dimensional tolerance parameters of the first and second circular profile and have a Gaussian density function with a mean value equal 0 and standard deviation equal to a sixth of the dimensional tolerance range. The geometrical parameters of two profiles are A
Gaussian density function with mean value equal to zero and standard deviation equal to a sixth of the form tolerance. The same mathematical model was used by considering the manufacturing signature. This means that the values of the form tolerance of the two circular profiles were substituted by the value of the form deviations computed by means of the manufacturing signature. Therefore, the roundness of the two circles was simulated by the local values of Y t of Eq. (2) 
Numerical validation
To validate the four proposed models with manufacturing signature and operating conditions, a numerical approach was adopted. It was developed a geometrical model, which was developed in the Matlab ® environment; it reproduces what happens in an actual assembly. It starts by generating two circular profiles with the manufacturing signature.
Once the circular profiles are generated, the first step of assembly is to insert the first circular profile into the hollow rectangular box. The developed model takes the first generated circular profile and casually rotates it. Then, it analyses the x and z coordinates of the points forming the first circular profile to identify the points of contact with the bottom and the left sides of the box (A and B in Fig. 9a) . Finally, the model brings the first circular profile into contact with the box in the identified points of contact.
The second step of the assembly is to insert the second circular profile into the box. The developed model takes the generated second circular profile and randomly rotates it. Then, it analyses the x and z coordinates of its points to identify the contact point with the right side of the box (D in Fig. 9a ). To search the contact point with the first circular profile, the model identifies the zones on the two circular profiles where the probability of contact is the highest (they are called contact zones and are shown in Fig. 9a ). Then, it calculates the distance between each couple of faced points that have the same x-coordinate on the two contact zones. The minimum distance (called d min in Fig. 9a ) identifies the couple of points that are the contact points between the two circular profiles. Therefore, all the points of the second circular profile are shifted to the minimum distance along the z-axis to bring the second circular profile into contact with the first circular profile just inserted in the box, as shown in Fig. 9b . The number of points equally distributed on each profile, influences the search of the contact-point between the circular profiles. In fact, larger the number of points, more accurate the searching of the contact will be between the circular profiles but, larger the number of points, longer the simulation time. However, 7150 points seem to be a good compromise. Once assembled, the developed model evaluates the stability of the circular profiles' positions by taking into account the effect of the gravity on the circular profiles and the effect of the friction force on the contact points. If the direction of gravity force is oriented downwards (-z-axis), this analysis can be considered as a static equilibrium. The system of forces that has to be equilibrated is composed by weight force, reaction force, and friction force applied to the points of contact among the circular profiles and the box. Therefore, to solve the balance it is necessary to translate the effect of those forces into terms of assembly specification. The general position of each circular profile is unstable if the friction force, due to the vectorial composition of the weight and the reaction forces, is close to the normal vector on the wall of the box. The angles of tilt between the reaction forces and the normal vectors are the β i angles. If those angles' values remain smaller than the friction limit angle, the circular profile's position is stable. Otherwise, if the values of β i become larger than the friction limit angle, the circular profile rotates until the values become smaller. From Fig. 10 , it is possible to see that the values of those angles and of variable g are a function of the assembly parameters α 1 and α 2 (i.e. of the random angles chosen for the rotation of the profiles to be assembled in the box) and of the values due to the dimensional and form tolerances. Therefore, it is possible to know the stable and unstable positions of the two profiles under the action of the gravity force and the range of variability of the objective function g. To do this, the following hypotheses were adopted to simplify the analysis:
• The friction between the parts is a static friction type. In this way, dynamic effects are ignored. Its action is expressed by means of the friction limit angle φ st . Generally, this value is given by the material nature of the surfaces in contact. If the parts are made of steel which is a material typically machined by turning without considering a lubricant, the realistic values of the friction limit angle are 1.5°-2.5°.
• The inertial effects are ignored; when a position becomes unstable, the first stable position has been reached without overcoming it due to the inertial effect.
• The positioning of the second profile depends on the positioning of the first profile. Once verified that the positions of the two circular profiles are stable, the value of the form deviation of the actual points of contact among the two circular profiles and the box were obtained. The values of the parameters δϕ j of the points of contact were substituted into Eq. (13). The value of R remains equal to 20 mm, while δx is still a random variable following a Gaussian probability density function with means equal to 0 mm and standard deviation equal to one sixth of the dimensional range. 
Results comparison and discussion
Monte Carlo simulation was carried out by implementing 50000 runs; this value was chosen after performing a sensitivity analysis. In particular, the sensitivity analysis was carried out on all models by varying the number of Monte Carlo simulations and considering a scale factor Sf=1. The results about the standard deviations due to the sensitivity analysis are shown in Fig.11 . It is evident that results are very stable if 50000 runs of Monte Carlo simulation are carried out.
Two factors Sf (1 and 10) of the applied tolerance ranges were considered to simulate different dimensional and geometrical conditions of the circular profiles.
The measurement of the g gap was evaluated at every assembly cycle and a statistical analysis was carried out by Minitab ® software. The normality of the obtained distributions of the g gap was evaluated by means of Anderson-Darling test. The results are shown in Table 2 that shows the mean, the standard deviation, the skewness and the kurtosis values estimated by the obtained results. All Anderson-Darling tests show that the obtained distributions of the g gap are Gaussian, symmetric and normally concentrated around the mean value: it may be seen from the value of A-squared and p-value of the Anderson-Darling test in tables and from the values near 0 of the skewness and kurtosis. The results of Table 2 show that increasing the tolerance ranges, when the scale factor Sf passes from 1 to 10, keeps unchanged the mean value and involves an increase of the standard deviation of the g gap. The mean value of the gap g due to the models in Table 2 is very near to the nominal value of 1.2702 mm for both the values of Sf factor (1 and 10). Fig. 11 Results of the standard deviations due to the sensitivity analysis by considering a scale factor F=1 in all models Corrado and Polini, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.2 (2017) The standard deviations estimated by the tolerance analysis models of the literature are equal to that due to the geometrical model for the two values of the scale factor. Fig.12 and Table 3 show the percentage variations of standard deviation due to the manufacturing signature for the tolerance analysis models. The results show that considering the manufacturing signature involves an increase in the estimated value of the standard deviation that varies from 8% to 23% as a function of the considered tolerance analysis method. The variational model seems to be the most sensitive to the manufacturing signature, since it involves the widest variations. This is probably due to the fact that the other three models, jacobian, torsor and vector-loop, are very similar in their mathematical treatment and adopted hypotheses. The same conclusion is valid for all the methods and for the two scale factors (1 and 10). It means that the tolerance range of the gap g increases by about 8%-23% when the manufacturing signature is considered. This involves two consequences in the design and the manufacturing stages. 
Conclusions
The original contribution of this work is to present a new general method to integrate the manufacturing signature and the assembly conditions (such as gravity and friction) in any model of the literature for tolerance analysis, such as: jacobian, torsor, variational and vector loop ones. It is fundamental to bring closer a CAT simulation tool to reality.
The second original contribution is the development of a virtual tool, that is based on geometrical reasoning, to simulate the assembly of parts with geometrical deviations that are correlated according to the manufacturing process signature, in such a way to satisfy the Geometric Dimensioning and Tolerancing (GD&T) standards, and in presence of the agents operating during the assembly, such as friction and gravity.
The results show that the new proposed method applied to the four models for tolerance analysis allows to obtain a mean value and a standard deviation of the gap g very near to the values due to the geometrical model, that represents a virtual validation test. The increasing of the tolerance ranges, when the scale factor Sf passes from 1 to 10, keeps unchanged the mean value and involves an increase of the standard deviation of the g gap. The mean value of the gap g due to the models is very near to the nominal value of 1.2702 mm for both the values of Sf factor (1 and 10).
Moreover, the new proposed method applied to the four models for tolerance analysis gives a value of the standard deviation of the gap g larger than that due to the models of the literature without the new proposed method. It involves an increase of the tolerance range of the gap g from 8% to 24% in dependence from the considered model of tolerance analysis. In the design stage this increase of the tolerance range of the gap g means that, if the methods of literature without signature are adopted, the range of the assembly requirement g is underestimated. The underestimated range may satisfy the functional requirement imposed by the designer, but instead the range of g, estimated by the proposed method with manufacturing signature, that should be closer to reality, may not satisfy the functional requirement due to design. This implies a wrong estimate of 8%-23% in the design stage that involves an increase of the design time and costs, since once manufactured the pre-series and verified the assembly problem, the assembly should be redesigned.
In the manufacturing stage this increase of the tolerance range of the gap g, that was not detected in the design stage, may involve an increase of the scrap assemblies, since it increases the area under the tails of the distribution, therefore, it may increase the manufacturing time and costs.
In short, a wrong estimation of the assembly requirement during the design stage implies an increase of the time to market, of the design time and costs, and of the manufacturing time and costs.
